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Abstract. Let (M, u>) be a closed 2n-dimensional semifree Hamiltonian ^-manifold 
with only isolated fixed points. We prove that a density function of the Duistermaat- 
Heckman measure is log-concave. Moreover, we prove that (M, ui) and any reduced sym- 
plectic form satisfy the Hard Lefschetz property. 

1. Introduction 

Let T be a connected abelian Lie group, i.e. a torus. Let (M, oS) be a closed 2n- 
dimensional Hamiltonian T-manifold with the moment map \x: M — > t*, where t is the Lie 
algebra of T. A Liouville measure on M is defined by 
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for any open set U C M. Then the push- forward measure ttt-dh := ^*itll, called the 
Duistermaat-Heckman measure, can be regarded as a measure on t* such that for any 
Borel subset Bet*, 7TIdh(-S) — J^-i(b) ^ e ^ s us ^ na ^ now man y states of our system have 
momenta in B. Due to [DHJ, the Duistermaat-Heckman measure is absolutely continuous 
with respect to the Leabesque measure on t* and the corresponding density function, 
denoted by DH and called the Duistermaat-Heckman function, is a polynomial on any 
regular open set. More precisely, for any regular value £ e t*, 

where I is a dimension of T, is the symplectic reduction at £, and is the corresponding 
reduced symplectic form on M%. 

In 1996, W.Graham |Grj proved that if the Hamiltonian T-action on a Kahler mani- 
fold (M,u>, J) is holomorphic, then the Duistermaat-Heckman measure is log-concave, i.e. 
log DH is a concave function on the image of the moment map. 

Example 1.1. Consider a compact symplectic toric manifold (M,u,T) with the moment 
map /i: M — > t*. Since any symplectic toric manifold can be obtained by the Kahler 
reduction, M is a smooth toric variety and the given T-action is holomorphic with some 
^-compatible complex structure on M. By Atiyah-Guillemin-Sternberg convexity theo- 
rem, the image of /i is a rational convex polytope satisfying the non-singularity condition. 
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Choose any circle subgroup S 1 C T. Then the moment map of the circle action on M 
is a composition map fis 1 '■ M t* s* where 7r is a dual map of i: s — )■ t, the 
inclusion of Lie algebra induced by S 1 T. The corresponding Duistermaat-Heckman 
function DH(t) is just C ■ vol(/i(M) fl 7r _1 (t)) with respect to the Lebesque measure on t*, 
which is log-concave by Graham's theorem [Grj . Here, C is a global constant depending 
on the embedding S l ^ T. Therefore, for any given Delzant polytope A and any height 
function h(t) : A — > R, the corresponding slice volume function g : /i( A) — >■ R defined by 
g(t) := vol(/i _1 (t)) is log-concave. 

The following figure is the case when M = S 2 x S 2 x S 2 , u = 2ufs ®3ufs ®G<^fs, and 
a Hamiltonian circle action on M is given by t ■ (zi, z 2 , z 3 ) = (tz±, tz2, tzs) for any t G S 1 . 





Note that any holomorphic Hamiltonian ^-manifold (M,u,J) with an ^-invariant 
Kahler structure u satisfies the followings. 

(1) oj satisfies the Hard Lefschetz property, 
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(2) any reduced symplectic form u t is Kahler, and hence it satisfies the Hard Lefschetz 
property, and 

(3) the Duistermaat-Heckman measure is log-concave. 

Hence it is natural to ask that when a Hamiltonian ^-manifold (M, u) and the symplec- 
tic reduction (M t ,co t ) satisfy the Hard Lefschetz property, and when the corresponding 
Duistermaat-Heckman measure is log-concave. 

In this paper, we focus on the case when (M, u) is a closed 2n-dimensional symplectic 
manifold with a semifree Hamiltonian S^-action whose fixed point set M s consists of 
isolated points. Let /i: M — > R be a corresponding moment map which satisfies ix^o = 
—d\i. As noted above, the Duistermaat-Heckman function DH: /x(M) — > R is defined by 



where M t is the reduced space /i 1 (t)/S 1 and u t is the reduced symplectic form on M t . 
Now we state our main results. 

Theorem 1.2. Let (M,u) be a closed symplectic manifold with a semifree Hamiltonian 
S 1 -action whose fixed point set M s consists of isolated points. Then the Duistermaat- 
Heckman measure is log-concave. 

Theorem 1.3. Let (M, oS) be a closed semifree Hamiltonian S l -manifold whose fixed points 
are all isolated, and let \x be the moment map. Then u satisfies the Hard Lefschetz property. 
Moreover, the reduced symplectic form u t satisfies the Hard Lefschetz property for every 
regular value t. 

In Section 2, we briefly review the Tolman and Weitsman's work [TWlj which is very 
powerful to analyze the equivariant cohomology of the Hamiltonian S^-manifold with iso- 
lated fixed points. Especially we use the Tolman- Weitsman's basis of the equivariant 
cohomology H sl (M) which is constructed by using the equivariant version of the Morse 
theory [TW2] . In Section 3, we express the Duistermaat-Heckman function explicitly in 
terms of the integration of some cohomology class on the reduced space. And then we 
compute the integration by using the Jeffrey-Kirwan residue formula |JKj . Consequently, 
we will show that the log-concavity of the Duistermaat-Heckman measure is completely 
determined by the set of pairs {(n(F),m F ) F \F e M s }, where fi(F) is the image of the 
moment map of F and mp is the product of all weights of the ^-representation on TpM. 
In Sections 4, we will prove Theorem 11.21 And we will prove Theorem 11.31 in Section 5. 

Remark 1.4. As noted in [Q2j . JK] and |Lin] . Ginzburg and Knudsen conjectured that for 
any closed Hamiltonian T-manifold, the corresponding Duistermaat-Heckman measure is 
log-concave. Note that the log-concavity conjecture is motivated by a concavity property 
of the Boltzmann' entropy in statistical mechanics. (See [03] for the detail.) The log- 
concavity problem of the Duistermaat-Heckman measure is proved by A.Okounkov [Ulj 
when M is a co-adjoint orbit of the classical Lie groups of type A n , B n , or C n with the 
maximal torus T-action, by using the log-concavity of the multiplicities of the irreducible 
representation of each Lie groups. But the counter-example was found by Y.Karshon [K] . 
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By using the Lerman's symplectic cutting method, she constructed a closed 6-dimensional 
semifree Hamiltonian ^-manifold with two fixed components such that the Duistermaat- 
Heckman measure is not log-concave. Later, Y.Lin |Lin] generalized the construction of 6- 
dimensional Hamiltonian S^-manifolds not satisfying the log-concavity of the Duistermaat- 
Heckman measure, and also proved the log-concavity conjecture for any Hamiltonian T n ~ 2 - 
manifold (M 2n ,w) whose reduced space has b% = 1. 

2. Tolman-Weitsman basis of the equivariant cohomology Hg 1 (M;Z) 

In this section, we breifly review Tolman and Weitsman's results in |TWlj . Throughout 
this section, we assume that (M 2n ,u) is a closed semifree Hamiltonian S^-manifold whose 
fixed points are isolated. Note that for each fixed point p G M s , the index of p is the 
Morse index of the moment map at p which is the same as the twice of the number of 
negative weights of the tangential ^^representation at p. 

Proposition 2.1. [TWl] Let Nk be the number of fixed points of index 2k. Then Nk = (?) . 
Hence Nk is the same as the one of the standard diagonal circle action on (S 2 x - ■ - xS 2 ,ui® 
• • • © oj n ), where Ui is the Fubini-Study form on S 2 of i-th factor. 

Theorem 2.2. [TWlj Let 2™ be the power set of {1, ■ ■ ■ ,n}. Then there exist a bisection 
(f) : M sl -»■ 2N such that 

(1) For each index-2k fixed point x G M 5 * , \4>{x)\ = k. 

(2) Let u be the generator of H*(BS 1 , Z). For each index-2k fixed point x G M s , there 
exists a unique cohomology class a x G Hgi(M] Z) such that for any x' G 

a x \ x ' = u k if(j){x) C 4>(x'). 
ol x \x' — otherwise. 
Moreover {a x \x G M sl } forms a basis ofH%i(M,Z). 

Applying Theorem 12.21 to (S" 2 x • • • x S 2 ,Ui © ■ • • © u„) with the diagonal semifree 
Hamiltonian circle action, we have a bijection if> : (S 2 x • • • x 

S^s 1 2W and there is a 

basis {P y \y G (S 2 x ■ ■ ■ x 5* 2 ) 51 } of H^^S 2 x ■ • • x S 2 ; Z) satisfies the conditions in Theorem 
12.21 Hence we have an identification map 

and o preserves the indices of the fixed points. 

Note that ip' 1 o gives an identification between Hg 1 (M; Z) and Hg 1 (S 2 x • • • x S* 2 ; Z) 
as follow. Let a { = a^-i^y G if|i(M; Z) and 6, = G H^^S 2 x ■ ■ ■ x S 2 ; Z). 

Lemma 2.3. [TWl] For each x G M 5 * , a x = Ylj£(t>(x) a j- Similarly, we have (3 y = 
Ujem h i f° r each y^(S 2 x---x S 2 ) s \ 

Proof. For an inclusion i : M sl > M, we have a natural ring homomorphism i* : (M) — > 
iJ^M 51 ) = H*(M sl ) © H*(BS l ). Kirwan injectivity implies that i* is injective. Hence 
it is enough to show that a x \ z = (Ylj^M a j)\z f° r a ^ x,z £ M s . Here, the operation 
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"| z " is the restriction H* sl (M sl ) ->■ flji(z) = H^BS 1 ) = R[u] induced by the inclusion 
z M s \ For any a;, 2 G M 51 with Ind(x) = 2k, 

• ot x \ z = otherwise. 

On the other hand, (II/e0(a!) a i)U = IX/e^a;) a j U- Since a j\z = u if and only if j G 0(^), we 
have 



Hence the H*(B S l )-module isomorphism / : H* gl (M; Z) ->■ H*^ (S 2 X • • • x S 2 ; Z) which 
sends a x to f3^-i M x ) for each a; G M sl is in fact a ring isomorphism by the lemma I2TB1 To 
sum up, we have the following corollary. 

Corollary 2.4. |TWlj There is a ring isomorphism f : H* sl (M; Z) — > Hg^S 2 x ■ • • x S 2 ; Z) 
which sends a x to fl^-iaMx)- Moreover, for any a G i7£i(M;Z) and any /ixed pomt 2 G 
M s \ we have a\ x = f(a)\^-i 0(f) ( x ). 

3. The Duistermaat-Heckman function and the residue formula 

Let (M, oS) be a 2n-dimensional closed Hamiltonian S^-manifold with the moment map 
/j,: M — > R. We may assume that is a regular value of /1 such that /x _1 (0) is non-empty. 
Choose two consecutive critical values c\ and C2 of fi so that the open interval (01,02) 
consists of regular values of \i and contains 0. By the Duistermaat-Heckman's theorem 
[DHj . [tjj t ] = [u) ] — et where e is the Euler class of 5' 1 -fibration /i _1 (0) — > M , where M is 
the symplectic reduction at with the induced symplectic form uq. Hence we have 



on (ci, c 2 ) C lm.fi. 

Note that a continuous function on an open interval g : (a, b) — > R is concave if g(ic + 
(1 — £)d) > tg(c) + (1 — t)g(d) for any c,d G (a, 6) and for any £ G (0, 1). We remark the 
basic property of a concave function as follow. 

Remark 3.1. Let g be a continuous, piecewise smooth function on a connected interval 
J C R. Then g is concave on I if and only if the derivative of g is decreasing, i.e. g"(t) < 
for every smooth point t G / and g', (c) — g'_(c) < for every singular point c G J, where 
5^(c) = lim t _j. C)t>c g'(£) and g'_(c) = lim t ^ C;t<c g' (t) . 

Note that Duistermaat and Heckman proved that DH is a polynomial on a connected 
regular open interval U C fi(M). The following formula due to Guillemin, Lerman and 
Sternberg describes the behavior of DH near the critical value of \i. In particular, it implies 



• (Uje^x) a j)U = u k if (f>(x) C 4>(z). 

• (Ujem a ^ z = otherwise - 

Therefore, a x = YljeMx) a i by ^he Kirwan injectivity theorem. The proof of the second 
statement is similar. □ 
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that DH is fc-times different iable at a critical value c G /i(M) if and only if // l (c) does not 
contain a fixed component whose codimension is less than 4 + 2k. 

Theorem 3.2. [GLS] Assume that c is a critical value which corresponds to the fixed 
components Ci 's. Then the jump of DH(t) at c is given by 



where the sum is over the components Ci of M s f]fi 1 (c) ; d is half the real codimension 
of Ci in M, and the aj's are the weights of the S 1 -representation on the normal bundle of 



If c is a critical value which is not an extremum, then the codimension of the fixed point 
set in /i _1 (c) is at least 4. Therefore the theorem 13.21 implies that DH(t) is continuous 
at non-extremal critical values and DH'(t) jumps at c when d equals 2. In the case when 
d = 2, the two nonzero weights must have opposite signs, so the jump in the derivative is 
negative, i.e. DH'(i) decreases when it passes through the critical value with d = 2. Since 
DH is continuous, the jump in ^lnDH(t) = p^ff is negative at c. Combining with the 
lemma 13. 1\ we have the following corollary. 

Corollary 3.3. Let (M,u) be a closed Hamiltonian S 1 -manifold with the moment map 
fx : M — > R. Then the corresponding Duistermaat-Heckman function DH is log-concave on 
/i(M) if (logDH(t))" < for every regular value t G /i(M). 



Note that (logDH(t))" = DH ffl-DHgO-DH'(t) 2 _ Therefore (i og DH(t))" < is equivalent to 
DH(t) ■ DH"(t) - DH'(t) 2 < 0. The equation © implies that 



To compute the integrals appeared in the equations ^2} and (J3j), we need the fol- 
lowing procedure : For an inclusion i : /i _1 (0) e — >■ M, we have a ring homomorphism 
k : Hg X {M] E) ->■ ^(//-^O);^ = F*(M ;1R) which is called the Kirwan map. Due to 
the Kirwan surjectivity [KiJ, k is a ring surjection. 

Consider a 2- form u := u — d{fid) on ES l x M where 9 is the connection form on ES l . 
We denote by x = tt*u G (M; Z) where jt : M x s i E'S' 1 — >■ and m is a generator of 
H*{BS l ]1i) such that the Euler class of the Hopf bundle ES l — > BS 1 is —u. Some part 
of the following two lemmas are given in |Auj . but we give the complete proofs here. 

Lemma 3.4. u is S 1 -invariant and closed, andix& = so thatoj represents a cohomology 
class in Hg 1 (M]M). Moreover, for any fixed component F G M s , we have k([uj\) = [cjo] 
and [u]\f = M|f + ^{F)u. In particular, if F is isolated, then [u]\f = fi{F)u. 




C { . 




(3) 
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Proof. For the first statement, it is enough to show that ix& and Ljw vanish. Note that 
ixu = «jfW — ixd(fi9) = —dfi + dixi^O) — Lx(^O) by Cartan's formula. Since ix{^6) = f-i 
and ix9 is invariant under the circle action, we have ix^o = —d[i + dii = 0. Moreover, it is 
obvious that co is closed by definition. Hence Lxui = by Cartan's formula again. 
To prove the second statement, consider the following diagram. 

li^^xES 1 MxES 1 

I I 
fi- 1 (Q) x 5 i ES 1 ^ MxgiES 1 

fi-'^/S 1 = M red 

Since d\x is zero on the tangent bundle /x _1 (0) x ES 1 , the pull-back of u = u — dfiAO—fidO to 
/•t _1 (0) x ES 1 is the restriction cj| At -i(o)x£5 1 - And the lift-down of w| At -i(o)x J E5 1 to /i _1 (0)/S' 1 
is just a reduced symplectic form at the level 0. Hence «([£>]) = [u)q\- 

To show the last statement, consider [uj)\f — [oj — d(fi9)]\ F — [u — d\iQ — jid6]\ F . Since 
the restriction dfi\ FxES i vanishes, we have [oo]\f = [w]\f ~ M-^O ■ [d6]\ ES i = [oj]\f + f^(F)u. 
If F is isolated, then we have \oj)\f = ^(F) u - 

□ 

Lemma 3.5. Consider a 2-form d9 on ES 1 x M where 6 is a connection 1-form on ES 1 . 
Then we can lift d9 down to ES 1 x s i M so that d9 represents a cohomology class in 
Hgi(M)M). Moreover, [dd\ = — x and K([dQ\) = —k(x) = e where e is the Euler class of 
the S 1 -fibration /^ -1 (0) — > M re &. 

Proof. Note that ixdO = LxO — dixO = 0. Hence we can lift d6 down to ES 1 x 51 M. For 
any fixed point x G M , the restriction [d6\\ x is the Euler class of ES 1 x x — > BS 1 . Hence 
\d9] = —u ■ 1 = —x. Here, the multiplication • comes from the i/*(5S' 1 )-module structure 
on H%i(M). By the diagram in the proof of the Lemma [3 A\ K,([d8}) is just the Euler class 
of the S^-fibration /^(O) -»■ ^- 1 (0)/S rl . Therefore K{[d0)) = -k{x) = e. □ 

Combining the equations (j2J), ([3]), Lemma l3.4[ and Lemma l3.5[ we have the following 
corollary. 

Corollary 3.6. DH(0) ■ DH"(0) - DH'(O) 2 < if and only if 

(n - 2) ! K([d6] 2 [u} n ' 3 ) ■ ! Kduf- 1 ) - (n - 1)( ! K([d6}[u} n - 2 )) 2 < 0. 

JMq JMq J Mq 

To compute the above integrals f M K([d9] 2 [u] n ~ 3 ), J Mq and f M K,([d6] [u3]™~ 2 ), 

we need the residue formula due to Jeffrey and Kirwan. (See [JK] and [J]). 

Theorem 3.7. [JKJ Let v G H* S1 (M;R). Then 

F£M sl , fJ.(F)>0 

Here ep is the equivariant Euler class of the normal bundle to F, and Res(f) is a residue 
off- 
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Now, let's compute j M K([d9] 



n— 3 N 



n—3\ 



M 



. By Theorem 13. 7\ 

E Re < 

FeM sl , m(F)>0 



n— 3 I 



e F 



Since [cu]|. 



fj,(z)u and [g?0]| 2 = — w by lemma l3~il and [331 we have 

-/j(F) n - 3 M"- 1 ■ 



/m ^([^] 2 [^ 



FeM sl , m(-P)>0 



Res( 



li(F) n - 3 u n - 1 



F£M sl , /i(F)>0 \ m F u" 



where mp is the product of all weights of tangential S^-representation at F. Similarly, if 
£ G R is a regular value of then we put Jm = \i — £ be the new moment map. By the 
same argument, we have the following lemma 

Lemma 3.8. For a regular value £ of the moment map \x, 

(1) 

/• i 

\n— 3 



FeM s , 



(2) 



(3) 



K([d9)[uj 



n-2\ 



E 

FeM sl , 

m(^)>£ 



n-2 



/ «(p]»- i )= e — (M^)-er 1 - 



Combining the corollary 13.61 and the lemma I3.8[ we have the following proposition. 

Proposition 3.9. Let (M,u>) be a closed Hamiltonian S 1 -manifold with the moment map 
fi : M — > R. Assume that M s consists of isolated fixed points. Then a density function of 
the Duistermaat-Heckman measure with respect to /j, is log-concave if and only if 



l 



E 

FeM s \ 



mp 



n—3 



E 

FeAf s \ 



mp 



MF)-O n -~ 



\ 



E 



FeM s , 



mp 



n-2 



< 



/ 



for all regular value £ e n{M), where mp is the product of all weights of the S 1 -representation 
on TpM . In particular, the log- concavity of the Duistermaat-Heckman measure is com- 
pletely determined by the set {(fi(F),mp)p\F e M }. 
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Corollary 3.10. Let (M 2n ,u) and (N 2n ,a) be two closed Hamiltonian S 1 -manifold with 
the moment map \i\ and /i 2 respectively. Assume there exist a bijection cf) : M s — > N s 
which satisfies 

(1) for each F 6 M s , mp = m^M, and 

(2) for each F e M s " , ^(F) = /i 2 (0(F)). 

where mp is the product of all weights of the tangential S 1 -representation at F. If N 
satisfies the log-concavity of the Duistermaat-Heckman measure with respect to then so 
does M with respect to 

Remark 3.11. The integration formulae (1) and (3) in the lemma [3T81 are proved by Wu 
by using the stationary phase method. See Theorem 5.2 in |Wuj for the detail. 

4. PROOF OF THE THEOREM 11.21 

As noted in the introduction, if a Hamiltonian ^-action on the Kahler manifold is 
holomorphic, then the corresponding Duistermaat-Heckman function is log-concave by 
[Grj . Let (M 2n ,u) be a closed semifree Hamiltonian circle action with the moment map 
fi. Assume that all fixed points are isolated. Let DH be the corresponding Duistermaat- 
Heckman function with respect to fi. We will show that there is a Kahler form cux © • • • @uj n 
on S 2 x ■ ■ ■ x S 2 with the standard diagonal holomorphic semifree circle action such that 
a bijection o : M s — > (S 2 x ■ ■ ■ x S 2 ) s given in Section 2 satisfies the conditions in 
the corollary 13. 10} which implies the log-concavity of DH. Now we start with the lemma 
below. 

Lemma 4.1. Let (M 2n ,u) be a closed semifree Hamiltonian circle action with the moment 
map [i. Assume that all fixed points are isolated. Then {(fi(F),mp)p\F 6 M s } is com- 
pletely determined by (j>(pq), fi(p\), ■ • • ,n(Pi), where pi 's are the fixed points of index 2k 
for j = !,■■■ , (I). 

Proof. Consider an equivariant symplectic 2-form u on ES 1 x s iM which is given in Section 
3. Because x, a±, ■ ■ • , a n form a basis of if|x(M; Z), we may let [cu] = m x + m\a\ + • — V 
m n a n for some real numbers m^'s. (See Section 2 : the definition of x,ax,--- ,a n .) By 
lemma [331 we have [cu]\ p i = fi(pl)u. On the other hand, the right hand side is (m x + 
niiai + • • • + m n a n )\ p i = m u, since every vanishes on p^. Hence m = n(p\). Similarly, 
= n(j>i)u and (m x+miai + - ■ •+m n a n )\ p ^ = m^u+miU. Hence we have m« = fi(p\) — 

m = — yu(Po) f° r eacn * = 1) " ■ • i n - Therefore fJ-(Po) , fJ>(p\) , ■ ■ ■ ,^{Vx) determine 

the coefficients m^'s of [cu]. For pi, = ^(p^u and (m x + m x a\ + • ■ ■ + m n a n )\ j = 

^k "k 

m oU+Y,ie^ k ) m i u - Hence for fixed k, the set {(//(p£), rn^Aj = 1, • • • , (£)} is just a {(m + 
m h + ■■■ ,+m ik ,(-l) k ) {ilj ..., lk} \{i 1 ,--- ,i k } C {1, 2, • • ■ , n}}. Hence {(fj,(F),m F ) F \F 6 
M sl } = U^{(/i(y fc ),m p ,) j |j = I,-- - , (£)} is completely determined by //(pj), /i(p\), 

Now we are ready to prove the theorem 11.21 
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Proof of Theorem M.2. For ip : (S 2 x • • • x 

S^s 1 2N defined in Section 2, Let ^ be the 
Fubini-Study form on S 2 such that the symplectic volume is [i(p\)—[i(pl). Let // : S 2 x • • • x 
S 2 -> R be the moment map whose minimum is ^{pq). Then we have {(fi(F), mp )p \F G 
M 51 } = {(/x(F),m F ) F |F G (S 2 x • ■ ■ x S 2 ) 5 '} and f 'o^ : M s ' (S 2 x •■■ x S 2 ) sl 
satisfies the condition in the corollary 13.101 Therefore the Duistermaat-Heckman measure 
is log-concave on /i(M). 

□ 

5. The hard Lefschetz property of the reduced symplectic forms 

For a Kahler manifold (N, a) with a holomorphic circle action preserving a, its symplectic 
reduction is again Kahler, and hence the reduced symplectic form a t is Kahler. Therefore 
o~ t satisfies the Hard Lefschetz property for every regular value t. In this section, we show 
that the same thing happens when (M, u) is a closed semifree Hamiltonian S^-space whose 
fixed points are all isolated. The following theorem is due to Tolman and Weitsman. 

Theorem 5.1. |TW2j Let S 1 act on a compact symplectic manifold (M,u>) with moment 
map [L : M — > R. Assume that all fixed points are isolated and is a regular value. Let 
M s denote the set of fixed points. Define K + := {a G Hg 1 (M;Z)\aF + = 0} where F + := 
M 5l f|)" -1 (0,oo) andK_ := {a G H* sl (M;Z)\a F _ = 0} where F_ := M s± f) fJT 1 (-oo, 0). 
Then there is a short exact sequence: 

— >K — >H* S1 (M; Z) ^ (M red ; Z) — > 

where k : H* S1 (M\ Z) — > H*(M re d; Z) is the Kirwan map. 

Proof of Theorem\n& Let n M : H* sl (M; E) H*(M red ; R) be the Kirwan map for (M, u) 
and let n be the one for (S* 2 x ■ ■ • x S 2 , cr), where a := LO\ © ■ ■ • © u n is chosen in the 
proof of Theorem 11.21 in Section 4. As in the proof of Theorem 11.21 we proved that there 
exists a semifree holomorphic Hamiltonian ^-manifold (S 2 x • • • x S 2 , a) with the moment 
map \j! such that ip~ x o : M s — > (S 2 x • • • x S 2 ) s preserves their indices, weights, and 
the values of the moment map. Hence o identifies with x "' xS and 
with AT£ 2 x - x52 . The ring isomorphism / : H* sl (M;Z) H* sl (S 2 x ■■■ x S 2 ;Z) given 
in Corollary 12.41 satisfies a\ x = /(a)|^-i ^>(a:) for any a G Hg 1 (M;Z) and any fixed point 
x G M sl . Hence if a G ITj*, then f(a) G i^+ 2x "' x52 . Similarly for any a G we have 
f(a) G ATf x " xS . Therefore / preserves the kernel of the Kirwan map k by Theorem 15.11 
Note that is the reduced symplectic class of S 2 x ■ ■ ■ x S 2 at 0. Since the Kahler 

quotient of the holomorphic action is again Kahler, K(f([u])) satisfies the hard Lefschetz 
property. Now, assume that u does not satisfy the hard Lefschetz property. Then there 
exists a positive integer k(< n) and some nonzero a G H k (M red ; R) such that a - [u ] n ~ k = 
in H 2n ~ k (M re d). By the Kirwan surjectivity, we can find a G Hg 1 (M;W) with k{S) = a. 
Then a ■ [u] n ~ k is in ker k and hence the image f(a ■ [u] n ~ k ) is in ker k, since / maps ker k 
of M to ker n of S 2 x ■ ■ ■ x S 2 . It implies that /(5) = by the hard Lefschetz condition 
for /(p]). It contradicts that / is an isomorphism. 
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It remains to show that {M,u) satisfies the Hard Lefschetz property. Remind that 
o : M s ->■ (S 2 x • • • x S 2 ) sl induces an isomorphism 

/ : Hgi(M; M) -> H* gl (S 2 x ••• x S 2 ;M), 

which sends the equivariant symplectic class [cu] to [cr] as we have seen in Section 4. Here, 
a is an equivariant symplectic form induced by a — d(fi'6) in H sl (S 2 x • • • x S 2 ; M). Since 
/ is a H*(BS 1 ] R)-isomorphism, it induces a ring isomorphism 

H S1 (M; R) H* S1 (S 2 x ■ ■ ■ x S 2 ;R) 

* u ' wtf^A^R) ^ u-H sl (S 2 x ■■■ x S 2 ;R) 

Moreover, the quotient map tt m : H sl (M;R) ->■ - ^! (M . R) = if*(M;R) (n S 2 x ... > , S 2 respec- 
tively) is just a ring homomorphism which comes from an inclusion M ^ M x 51 ES 1 as 
a fiber. Therefore 7Tm ([£>]) = [u>] and 7r52 x ... x5 2([3 : ]) = [a]. It means that /„ : H*(M;M) — >■ 
H*(S 2 x ■ ■ ■ x S 2 ; R) is a ring isomorphism which sends [a;] to [a]. Since a is a Kahler form, 
it satisfies the Hard Lefschetz property. Hence so uj does. 

□ 
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